VOL. 17,NO. 1, JANUARY 1979

AIJAA JOURNAL 33

Parabolic Procedure for Flows in Ducts
with Arbitrary Cross Sections

Donald W. Roberts* and Clifford K. Forestert
Boeing Aerospace Company, Seattle, Wash.

A computer program has been developed to predict three-dimensional compressible viscous flows in ducts
with arbitrary cross-sectional shapes. A curvilinear boundary-fitted coordinate system is used to simplify
boundary conditions. The parabolized Navier-Stokes equations are transformed, and the solution is marched
down the duct using an iterative ADI procedure. Computed results are compared with test data for laminar test
cases in square and round ducts. A two-equation turbulence model is demonstrated for a developing turbulent
pipe flow. A comparison between predicted results and test data is presented for a turbulent diffuser flow with a

rectangular-to-round transition in cross-sectional geornetry.

I. Introduction

UMEROUS examples of flow in ducts of asymmetric
cross section are found in aircraft propulsion systems
(Fig. 1), particularly in military aircraft. Rectangular or D-
shaped inlets that must transform to a circular cross section at
the compressor face are found on many fighter aircraft.
Integrated two-dimensional nozzles also require a transition
of the duct cross-sectional shape. The numerical simulation of
the flow through a duct of arbitrary cross section offers
potential resource savings over parametric testing and existing
data correlation techniques in the design of these propulsion
system components by reducing the extent of experimental
studies. This could lead to an analysis oriented design ap-
proach as opposed to the traditional test-based approach.
Numerical solutions for flows in ducts with arbitrary cross
sections require that the three-dimensional Navier-Stokes
equations must be solved to simulate the coupling between
inertial and viscous effects correctly. This implies that
significant amounts of computer time and storage may be
required. Previous numerical procedures'” have analyzed
flows in ducts with regular cross-section shapes (such as
circular or rectangular). A fundamental difficulty with
computations in arbitrarily shaped regions is the com-
patibility of the computational mesh with the boundary
conditions. The numerical procedure presented here was
designed to circumvent this problem. Background physical
and numerical considerations for the design of the duct flow
analysis are discussed in Sec. II and the details for the present
code are discussed in Sec. III. Validation test case predictions
are presented in Sec. IV.

II. Considerations for the Analysis of Duct Flows
Physical Considerations

When considering the types of flows that can occur in
ducts, it becomes clear that these flows can be extremely
complex. Duct flows can be incompressible or compressible
and laminar or turbulent, and significant swirl and crossflow
reversal may be present. An example of a complex duct flow is
a jet engine exhaust nozzle system. The flow leaving the
turbine contains a residual swirl that interacts with support
struts and results in the generation of local secondary swirl
flows. Geometry and other influences can attenuate or

Presented as Paper 78-143 at the AIAA 16th Aerospace Sciences
Meeting, Huntsville, Ala., Jan. 16-18, 1978; submitted Feb. 13, 1978;
revision received Aug. 8, 1978. Copyright © American Institute of
Aeronautics and Astronautics, Inc., 1978. All rights reserved.

Index category: Computational Methods.

*Senior Engineer.

tSpecialist Engineer.

intensify the size and strength of these vortices. These vortices
are imbedded in the bulk swirling flow and can interact to
cause major distortions in the flowfield. Other secondary
flows, particularly those driven by pressure gradients or
turbulence, can be found in ducts. The general duct flow
might have large gradients in vorticity, mass density, tem-
perature, or chemical species. Furthermore, discontinuities
such as shocks, contact surfaces, etc., can exist. Finally,
regions of streamwise separation and reattachment may
occur.

Many ducts of practical interest can have cross sections of
arbitrary shape that transform from one shape to another
along the duct. The curvature of the walls and duct centerline
is known to have a strong effect on the development of the
flow. Obstructions such as centerbodies and plugs can also
have an important effect on the duct flowfield. The com-
plexity of the general duct flow problem offers a significant
challenge to computational fluid mechanics.

Code Design Considerations

The accuracy and efficiency with which the various flow
phenomena are simulated depends directly on the choice of
mathematical formulation and on the design of the numerical
solution procedure. During the planning stages of the
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Fig. 1 Examples of ducts with arbitrary cross-section shapes.
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development of a computer code, an attempt to achieve a
balance between the cost to develop a code and the cost to use
a code must be considered. Emphasis in either category may
result in inefficient use of man and computer resources. A
survey of the literature®?2 made from this viewpoint led to the
following conclusions which were used in the design of the
present computer code.

1) While multistep schemes may have efficiency benefits,
an implicit scheme that involves only two simultaneous planes
of data to implement a marching scheme is a good com-
promise between simplicity and efficiency.

2) In many applications of interest it is expected that the
interaction of the diffusion terms, the convection terms, and
the turbulence model of the system of equations requires an
implicit scheme for efficiency. ADI (alternating direction
implicit) iteration is used to implement the implicit marching
scheme. This type of scheme also avoids the errors from
splitting as discussed by Fromm.® In many cases the Courant
number must be restricted to the order of unity to control
stepwise truncation errors. In view of this, the implicit ap-
proximate factorization schemes®’ were deemed to be not
cost effective.

3) In duct flows and in computational fluid mechanics in
general, the inertially dominated flows are the most difficult
to accurately and efficiently simulate numerically. It has been
shown®? that such cases are treated most efficiently by
fourth- and higher-order accurate convective difference
schemes. In certain situations'%!? additional benefits result
from having the scheme conserve kinetic energy. A Crank-
Nicholson scheme will conserve kinetic energy and requires
just two computational planes for a marching step.!!.12.14-16
The present code has been designed such that a fourth-order
accurate Crank-Nicholson-type scheme can be readily in-
corporated with minimal coding modifications.

4) Computational noise results from the interactions of

amplitude errors, phase errors, and Gibbs effect
errors 7111121720 ip convective difference schemes. The noise is
manifested in various forms, ranging from substantial
nonphysical oscillations to the generation of spurious vor-
tices.!” Nonlinear filtering!”'® has been demonstrated to be
effective in controlling computational noise. Wavelength
filtering was implemented in the current code to deal with this
difficulty.

5) Efficient use of grid arrangements requires convenient
means for proper mesh placement to resolve the flow details
of interest. Self-adaptive body-fitted meshes and mesh
clustering schemes have the potential for improved com-
putational efficiency.

6) The selected turbulence model must be validated for the
classes of flow types which are expected to be encountered by
the analysis if reliable predictive capability is to be achieved.
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Fig.2 Arbitrary duct cross section in Cartesian mesh.
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III. Development of Present Duct Code

The duct code to be discussed in the following sections is a
first step in the development of a more general duct flow
analysis. The present analysis is based on the fact that many
duct flows can be categorized as parabolic. As discussed by
Patankar and Spalding,! parabolic flows have a predominant
direction of flow. Downstream properties have a negligible
influence on the upstream flow; thus, a marching procedure
can be used. The unique feature of the present analysis is the
use of a boundary-fitted coordinate system that allows an
efficent prediction of a certain class of flows in ducts with
arbitrary cross sections. This coordinate system is simplified
by aligning the transverse computational planes (cross sec-
tions) so that they are parallel. This approach limits the duct
shapes to those in which the mean centerline is not deflected
radically from a straight line even though the duct walls may’
be subject to substantial distortions.

Boundary-Fitted Computational Mesh

Typical orthogonal meshes, such as the Cartesian form, are
difficult to use because the mesh points do not naturally fall
on the duct boundaries as shown in Fig. 2. The resulting
differencing and interpolation schemes become quite complex
and cumbersome, and it is extremely complicated to extend
these schemes to higher order with little hope for improved
accuracy and efficiency.

Potentially, high-accuracy solutions are possible for the
duct of arbitrary cross-section problem when ‘a boundary-
fitted computational mesh is employed. By that it is meant
that the boundary (duct wall) is coincident with the mesh
points that are used for finite-difference expressions at, and
adjacent to, the boundary. Interpolation is not required, and
extension to higher-order differencing is straightforward.
This is a significant benefit when the boundary conditions
have a dominant influence on the solution. Thompson et al.?!
and Chu?? have demonstrated methods for automatically
generating boundary-fitted meshes that can be extended to the
arbitrary duct problem.

Starting with an arbitrary lateral cross section of a duct in
the physical x,y plane (z is the predominant flow direction), a
boundary-fitted mesh is generated such that the mesh lines are
the coordinates of the £, coordinate system.2! One of the -
coordinate lines is specified to be coincident with the duct
wall. The internal ¢ and n coordinates can be calculated by
solving an elliptic boundary value problem with Dirichlet
boundary conditions. The elliptic mesh-generating equations
are transformed and numerically solved in the computational
plane.?! In the computational plane the £,7-coordinate system
is specified to be rectangular, the mesh is uniform, and the
duct wall transforms to a straight coordinate line. Hence, the
numerical differencing scheme is straightforward.

The transformation of any differential equation from the
physical domain (x,y,z) to the computational domain (£,7,0)
is achieved by the following transformation relations?*:

_0Uy2)

= o) /J (1a)
_ 0xf2)

/y= a(£m,0) /J (1b)
_axph

L= o) /J (o

where J=0(x,y,z)/9(&,n,0) is the Jacobian of the trans-
formation. Higher derivative are found by repeated use of
Eqgs. (1). :

Since the duct cross-sectional planes are parallel and
specified to be x,y planes, the two-dimensional equivalent of
Eqgs. (1) is used to transform the system of elliptic mesh-
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Fig. 3 Boundary-fitted mesh plotted in x, y plane.

generating equations, yielding?!:
Axy —2Bx;, +Cx,, +J2(Rx; +Qx,)=0 (2a)
Ayg —2By, +Cy,, +J? (Ry; +Qy,) =0 (2b)

where A=x2 +y2, B=x;x, +y;y,, and C=xi+yi.

The values of x and y corresponding to the duct wall are
specified on an p-coordinate line. This sytem of quasilinear
equations is solved using line overrelaxation. The solution
yields values of x and y which become the computational
mesh points. A one-to-one mapping performs the reverse
transformation and yields the solution for £ and 7 in the
physical plane (Fig. 3). A singularity point appears for the &,9
mesh in the physical plane. This does not present a problem
for the mesh-generating equations, as it can be treated as a
Dirichlet boundary condition. The treatment of this point for
the flow equations is deferred until a later section.

The three-dimensional mesh for the parabolic duct flow
analysis can be viewed as a series of two-dimensional meshes
generated for each x, y cross-sectional plane. As the solution is
marched from plane to plane, each cross section is trans-
formed to a straight line in the computational plane. All
computational planes contain an equal number of mesh
points which form identical uniform meshes. The three-
dimensional mesh is formed by connecting adjacent upstream
and downstream mesh points. Care is taken to prevent
significant skewing of the mesh from plane to plane, and all
of the three-dimensional metric information is retained in the
flow equations. In practice the computational mesh at
downstream planes is not generated until it is required.

A significant benefit of using a numerical mesh generator is
the automated control one has over the mesh density using the
functions R and Q which appear in Eq. (2). These are func-
tions of £ and n which allow the possibility of optimally
distributing the computational mesh.?' By using suitable
functions, the mesh can be contracted towards areas of
special interest such as the duct wall. Eventually, functional
relationships should be developed such that regions of steep
gradients in the flow properties can be tracked by the mesh.
This efficient use of the available mesh points offers the
potential for major reductions in the use of computer time
and storage.

Transformed Flow Equations

Using the parabolic approximations, the Navier-Stokes
equations are parabolized by neglecting the streamwise
diffusion terms and by decoupling the streamwise and lateral
plane pressure gradients. The streamwise pressure gradient is
assumed to be constant across a duct cross section. The
parabolic approximation allows the use of a marching
procedure.

The Cartesian primitive variable form of the parabolized
Navier-Stokes equations are transformed using Eq. (1) such
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that they can be solved in the computational plane and benefit
from the boundary-fitted computational mesh. An ap-
preciable simplification of the transformed flow equations is
realized by assuming that the duct cross sections are parallel
and perpendicular to the z coordinate. Then z, and z, are zero
and z, is a constant.

In £,m,0 coordinates, the steady, three-dimensional con-
tinuity, momentum, and energy equations are given by the
following:

Gypu) — (yepu), + (x;pv), — (x,pV);

+ (Dpw); + (Epw), + [ (J/2,)pW], =0 (3a)
Fu, +Gu, + (Jow/z,)u, +y, Py —y P, =S (3b)
Fv, +Guv, + (Jow/2,) v, +x: P, —x, P, =S (3¢)
Fw,+Gw, + (Jow/z,)w, + P, =S (3d)
FH, +GH + (Jow/z,}H,=S (3e)
where
D:Mo —qun) E:Mg‘xgya
zﬂ ZU

F:ynpu—xnpv+Dpw, G= ~ypu+x;00+Epw,

S =X Yy =XV

and S represents the appropriate diffusion terms where ap-
plicable; however, they are too cumbersome to write here. The
Cartesian velocity components u, v, and w have been
retained. The P, which appears in the w-momentum equation
represents a constant streamwise pressure gradient for a given
cross section. H is the total enthalpy. The fluid is assumed to
be calorically perfect, and an equation of state is used to
calculate density p.

The primary function of the streamwise and lateral plane
pressure gradients is to insure that continuity is preserved.
The streamwise pressure gradient P. is calculated from an
auxiliary relation which in simplest terms compares the
predicted mass flow rate with the known flow rate and adjusts
P, such that mass is conserved.' Iteration with the w-
momentum equation is required until the predicted mass flow
rate reaches a specified level of accuracy. Thus, the overall
continuity is satisfied.

Local continuity is satisfied by means of the lateral plane
pressure gradients. Thus, Eq. (3a) is solved indirectly. The
pressure field P is calculated by solving an elliptic equation
which is derived by taking the divergence of the u- and v-
momentum equations. This results in

AP, —2BP, +CP, +J?(RP, +0QP,) =5+ (Jw/z,)D, (4)

S represents the contribution of the convection and diffusion
terms, and © is the continuity variable. For clarity O is
multiply defined by the following:

D= (yeu) = epu), + (X pv), = (x,00) . (53)

Dy, = — [ (Dow) + (Epw), + (Jow) /2] (5b)

where D, is the lateral plane component of continuity and
D, Is the streamwise component as determined from Eq.
(3a). The significance of the », term in Eq. (4) warrants a
detailed discussion of its discretization to be presented in the
next section.
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Discretization and Boundary Conditions

All equations are transformed to finite-difference form by
standard second-order centered difference approximations
for ¢ and 7 derivatives and by one-sided upstream differences
for o derivatives. Where needed, diffusion coefficients be-
tween mesh points are formed from simple averages of ad-
jacent mesh point values. By experimentation it was found
that weighting the coefficients that varied rapidly in Egs. (3)
between the upstream and downstream planes resulted in
improved accuracy and stability. This only affects the
stepwise truncation error, and the weighting effects can be
negated by suitable step size constraints.

The treatment of 3,, Eq. (4), requires special con-
sideration. In discrete form 3, becomes

D, = (D" —D"y/Ac (6)

where n+ 1 and n represent two adjacent duct cross sections.
D7+1 s calculated from the discrete form of D, at the
downstream plane, which has a low level of error since w is
accurately controlled by the PZ iteration procedure discussed
earlier. »" could be evaluated from D, at the upstream
plane. However, improved results are achieved by the use of
the discrete form of D, for D”. This is related to the
procedure developed by Harlow and Welch?* and equivalent
to the procedure used by Forester.?® The main benefit of this
approach is the dramatic accuracy improvements which result
for problems in which continuity cannot easily be satisfied for
the initial conditions.

No slip boundary conditions are enforced in the present
analysis. The three velocity components u,v, and w are set to
zero on the duct walls. The pressure equation has a Neumann
boundary condition. An expression for the pressure gradient
normal to the wall is obtained by manipulating the u- and v-
momentum equations. An adiabatic wall boundary condition
is used with the energy equation. Wall functions model the
turbulence quantitites near the wall. 26

The singularity point discussed in the previous section does
not present a problem for the solution of the flow equations.
Analytically, the metrics vanish at this point and the flow
variables become multivalued; however, this point can be
treated numerically. The primary concern is that the flowfield
is allowed to communicate accurately through the inner mesh
point when required. In the present duct analysis, metrics are
generated at the singularity point by using the surrounding
mesh points. The flow equations are solved explicitly at this
point for each ¢ line at the end of an iteration. This
multivalued solution is averaged to obtain values of the flow
variables at the inner mesh point. In practice, the
multivaluedness of the solution vanishes when the local
Courant number is less than unity, and the solution is con-
stant to within six decimal places. Small phase errors may be
introduced by this method, but they should not be substantial
in comparison to those generated by the numerical algorithm
in the field mesh.

Turbulence Model

Closure of the set of flow equations for turbulent flow is
achieved by modeling the Reynolds stresses that appear in the
time-averaged Navier-Stokes equations. The present analysis
incorporates an energy-dissipation turbulence model, a form
of which was first proposed by Harlow and Nakayama.?’
Launder and Spalding?® have demonstrated this two dif-
ferential equation model, which is solved for the turbulence
energy £ and its dissipation rate ¢, for a wide range of flows.
This model uses the eddy viscosity concept with the eddy
viscosity p, calculated from the following relation:

i, =C,pk? /e YU

The two coupled differential equations used to predict &
and ¢ have the same form as Eq. (3e) with the exception that
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the right-hand side contains additional source terms
representing the effects of production and dissipation. A
general discussion of this turbulence model will not be
presented here since adequate documentation of its ef-
fectiveness for a variety of flows is available. 2628

Numerical Noise Filter

Since the numerical algorithm chosen for the present
analysis is formally second order, it is subject to com-
putational noise that can arise in steep gradient regions of the
flowfield. To control the computational noise, which can
overwhelm a solution, a noise filter has been incorporated.

The filter chosen is conceptually the same as that developed
by Forester.!” The filter examines the solution domain and
removes noise when it is identified. This type of filter is
preferable to methods that globally add artificial viscosity to
control noise, since those methods will also damp regions of
the solution that are not plagued by noise. Our selective filter
only affects noisy regions. The mechanism for identifying the
computational noise is based on the noise wavelength. The
filter can be designed to look for noise of various
wavelengths, where the minimum wavelength is two mesh
intervals. The maximum wavelength that must be filtered
depends on the order of the numerical scheme and the type of
flow being simulated. The filter currently in use searches for
noise with wavelengths of two and four mesh intervals. This
has proved to be sufficient to eliminate noise and maintain

- stability in flows with high cell Reynolds numbers.

Solution Procedure

A marching solution procedure is used. A solution is ob-
tained at each duct cross section before a step is taken
downstream to the next lateral plane. Mesh-generating Eqs.
(2) and the lateral plane pressure Eq. (4) are solved using line
overrelaxation (LOR). The solution for the nonlinear flow
equations is achieved by iterating with an ADI scheme at each
downstream plane until a suitable convergence is obtained.

Given an initial set of data in the starting plane, the
program uses the following sequence to obtain a solution at
the next plane: 1) Generate computational mesh; 2) advance
w-momentum equation, insure mass conservation by
iteratively adjusting the axial pressure gradient; 3) advance u-
and v-momentum equations to obtain tentative u and v; 4)
solve lateral plane pressure equation; 5) update u- and v-
momentum equations using corrected pressure gradients; 6)
advance energy equation and calculate density; 7) advance
turbulence model equations.

Steps 2-7 are iterated to reduce the accumulation of
truncation errors that can result from linearization. Without
iteration, a converged solution is not obtained at each plane
and accuracy is compromiseéd. The amount of iteration
required depends on the rate at which the flow is changing
axially in the duct. Typically, a couple of iterations are
sufficient.

IV. Computational Results

Several computational experiments have been run for
assessing the accuracy and stability of the present numerical
procedure and to test the suitability of the described general
transformation for flows in ducts with arbitrary cross sec-
tions. Laminar test cases were run initially; then the tur-
bulence modetl was activated and checked out.

Laminar Test Cases

Laminar constant viscosity flows provide a useful means
for analyzing the numerics, since it is often possible to find

- experimental and other analytical data for comparison. The

two cases presented here represent developing laminar flows
in the inlet regions of constant cross-section ducts. The first
duct to be analyzed was a round pipe; the second had a square
cross section. A uniform initial velocity profile was used. The
Reynolds number, based on the mean velocity # and the duct
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Fig. 4 Streamwise velocity development at two radial positions for
laminar flow in a circular duct with radius, r,,.

3 —

2 b
Po-P
1 =2
Z P Re = 200

,/
"z SPARROW ET AL
y ———— PRESENT
0 A L L ! J
0 02 04 06 08
az/d
Re

Fig. S Prediction of pressure drop for developing laminar flow in a
circular duct.

diameter d was varied from 8 to 2000. For the developing
laminar pipe inlet case, the results are presented at Reynolds
number Re=200. In Fig. 4, the predictions of the axial
velocity are compared with the analysis of Sparrow et al.?®
and the experimental data of Reshotko.?® The pressure drop
in the inlet region is shown in Fig. 5.

The results for the square cross-section duct are presented
for Re=2000 and are compared with the experimental data of
Beavers et al.?! and the analysis of Carlson and Hornbeck. 32
The boundary-fitted computational mesh for this case was
slightly contracted towards the duct wall (see Fig. 6). Three
streamwise step sizes, Az (where Az is normalized by the duct
half-width), were used to determine when stepwise truncation
errors become significant. The pressure drop predictions are
shown in Fig. 7. A favorable comparison with the ex-
perimental data for both Az=2 and 5 exists, whereas Az =20
yields predictions that miss the initial transient region where
the streamwise gradients are most severe. The number of
lateral plane mesh points used in the present analysis is a
factor of 3 less than that required by the equivalent Carlson
and Hornbeck scheme. This can be attributed to the
distribution of the mesh near the wall. In the present
predictions, the contracted mesh yielded a mesh density in the
steep gradient region of the wall equal to that used by Carlson
and Hornbeck. Away from the wall, the mesh density was
gradually decreased, thus requiring fewer mesh points. This
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Fig. 7 Prediction of pressure drop for developing laminar flow in a
square duct.

clearly demonstrates the benefit of optimally distributing the
mesh.

To examine the effectiveness of the method used to handle
the mesh singularity point, a test case was run for the laminar
pipe at Re =200 with the singularity point moved two-tenths
of a radius off the duct axis. With the point in this position,
the crossflow passes through it. A converged solution was
obtained for all flow variables at the singularity point for each
z station along the duct. As shown in Fig. 8, the predictions of
the velocity profile with and without the singularity point on
the duct axis show excellent agreement. Any irregularities are
due to the nonsymmetry of the mesh about the axis. The
pressure drop predictions are virtually identical to those
shown in Fig. S.

Turbulent Test Cases

The turbulence model discussed earlier was checked out by
predicting a fully developed turbulent flow in a round pipe.
This is one test case for which reliable experimental data are
available. A uniform initial velocity profile was specified.
The Reynolds number was 1.4x 10°. The predictions in-
dicate that the fully developed turbulent velocity profile
evolves at 40-50 pipe diameters, but that the turbulence
quantities are not fully developed until 75-100 diameters. This
agrees with the information discussed in Schlichting.?? The
predicted fully developed velocity, turbulence kinetic energy,



38 D. W. ROBERTS AND C. K. FORESTER

200
180 |
160 |
140}
120}
W, fps 100+
| Re = 200
80 2/d-5
601 | — WITH SINGULARITY POINT
10 ON DUCT AXIS
i © SINGULARITY POINT .2 RADIUS
- OFF AXIS
0 i o 1 i i L 1

1
.9

iN
0 1 2 3 4 5 6 .7 8 1.0

y/d

Fig. 8 Laminar velocity profile with and without mesh singularity
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Fig.9 Fully developed turbulent velocity profile in a circular duct.

and turbulent length scale profiles are presented in Figs. 9-11.
The agreement with the experimental data®»* is favorable.
The deviation of the predicted length scale near the duct axis
is probably a result of the fact that the constants in the tur-
bulence model diffusion terms were based on near wall
turbulence. Since the gradients near the axis are small, this
lack of agreement was inconsequential.

The k-e turbulence model is not capable of predicting the
“turbulence-driven secondary flows that are generated in
noncircular ducts. These secondary flows are not likely to be
relevant in aircraft applications because there are few
practical cases in which the noncircular ducts are straight for a
long enough distance.?* However, the model is very useful for
predicting turbulent boundary layers and flows that involve
the mixing of two different streams. 28

Three-Dimensional Flow Prediction

While the preceding test flows were three-dimensional
because all three velocity components were present, the
geometries were of little interest except for evaluating the
numerical procedure. In practice, there are little detailed
experimental data available for flows in ducts with arbitrary
cross sections. One set of experiments in which some mean
flow quantities were measured is reported by MacMiller. 3¢
The ducts in this investigation were subsonic diffusers similar
to those found in supersonic inlets. The case chosen is for the
flow in the diffuser illustrated in Fig. 12. This diffuser has a
rectangular entrance and immediately begins to transform in
shape until a circular cross section is reached at the simulated
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Fig. 10 Fully developed turbulent kinetic energy profile in a circular
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Fig. 11 Fully developed length scale profile in a circular duct.

engine face. The diffuser angles become quite large, and the
experimentalists indicate that separation was evident at ap-
proximately 50% of the diffuser length. The data for this case
consist of the static pressure distribution and measurements
of the total pressure profiles along the minor axes of the duct
cross sections at several axial locations indicated in Fig. 12.

Upstream of the diffuser entrance the flow has gone
through a strong shock and a boundary-layer bleed region
which distort the boundary-layer profile. The initial con-
ditions at the diffuser entrance consisted of a core flow at a
Mach numer of M = 0.605 and a uniform boundary-layer
thickness of Y2 in. In view of the lack of a detailed ex-
perimental description of the boundary-layer profile, it was
simulated with power law exponents of 3, 5, and 7. The
sensitivity of the results to the initial conditions was ascer-
tained in this manner. To insure that our numerical results
were not a function of the number of mesh points, a mesh
refinement study was performed. The differences in the
predicted results for the coarse mesh and the finest mesh,
which was factor of 4 denser, were less than 1 %.

The prediction of the static pressure rise in the diffuser is
compared with the experimental data in Fig. 13. Separation
was indicated in the computed results by negative w-velocity
components after which the computation is halted. The
numerical separation point does agree quite well with that
indicated by the test data regardless of the initial boundary-
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Fig. 14 Measured and predicted total pressure profiles.

layer profile. A more detailed view of the profile distortion
that leads to separation is presented in Fig. 14 for a power law
exponent of 3. With this choice the agreement with the ex-
perimental data is good, with the exception of one data point
that appears to be bad since it does not follow the trend of the
other data. An exponent of 3 indicates a very distorted profile
which is to be expected given the upstream flow conditions. 3’

Y. Conclusions

A finite-difference numerical procedure has been developed
for the prediction of parabolic flows in ducts with arbitrary
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cross sections. The analysis features a boundary-fitted
computational mesh with external control of the mesh den-
sity. The flow equations are transformed using a general
curvilinear transformation. The decoupled streamwise and
lateral plane pressure gradients are controlled to enforce mass
continuity. A two-equation turbulence model has been in-
corporated for turbulent flows. A selective computational
noise filter is used to eliminate spurious solutions. Good
agreement was obtained between predicted and measured
flow properties for a turbulent diffuser flow with a rec-
tangular-to-round transition in cross-section geometry.
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